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Nash equilibria (Total effort)

B Reaction functions (suppose N> )

fiGe)=x-x

Nash equibeium

%

(,:0) (,0)

Figure 1: Nash equilibrium in total effert case.  f5(X,) =x, — X,
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B Total effort (ex. bﬁﬁﬂpvagm)
F(x;,x,) =X +x,

m Weakest link (ex. iﬂ;}'ﬁﬁ’uig;la)
F(x,,x,) =min(x,,x,)

B Best shot (ex. ﬁ?)ﬁﬁl;ﬂ?]iﬂ;}'ﬁ)
F(x,,x,) =max(x,,x,)

B The probability of successful operation of the system
P(F(x,,x,))

B The expected payoff to agent i
P(F (x,,x,))v, = c,x,

B The social payoff

POEG, ), v, =ex —ex,
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Nash equilibria (Total effort)

m Agent 1 choose x, to solve
max v, P(x, +x,) —cx,
] Fix‘rst-order conditions
WP (x, +x,)=¢,
B Let G be the inverse of the derivative of P
X, +x, =G(c, /v)
m Defining
%, =Gle, /)
B Reaction functions
x, = fi(x,) =X, —x, but if x, >X, then we have x, =0
X, = f,(x,) =X, —x, but if x, >X, then we have x, =0
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Fact 1

In the case of total effort, system reliability is
determined by the agent with the highest
benefit-cost ratio.

All other agents free ride on this agent.

Operations
Research
Lab

Za=sl

Nash equilibria (Weakest link)

B Reaction functions (suppose nem )

fite) f,(x;) = min(x,, x,)

fi0) (%) = min(x,,x,)

Figure 2 Nash equilibrium in weakest link case
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Nash equilibria (Best shot)

® Agent 1 choose x, to solve (Suppose 72 > ;1)
max v, P(max(x,,x,)) —c,x,

mx =0,x,= ; is a Nash equilibrium
PERBI x =0 H]l mvaxva(max(O, X,))—C,x, = rr{axva(xz) —cyx,
EB .~ WSS SO -0
v P(x,) > v P(x,)—c,x, >v,P(x, +d)—c,(x, +d)

B Sometimes x, = xil,x2 =0 */fLNash equilibrium
PERIBIN x, =0 Hl m".':lxle(max(xl J0)—¢x, = mf‘lxle()cI )—cx,
FRLRLH x, = ;Ip?]', X, —“Jﬁi&?ﬂﬂ?ﬂ 0?
(PR LT

Operations if v,P(x,)>v,P(x,)—c,X,
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Nash equilibria (Weakest link)

m Agent 1 choose x, to solve

max v, P(min(x,,x,)) —¢,x,
x

mif x, <y, [%P(ry) e, > vP(x,) e, (x, +d)
B R, AT R X = !
PRI 0 <x, <x, ,EHEx BEEF?
suppose x, < x,
S v P(x) —cx, < v, P(x,) —c,x,
BRUTRFE =y, BRI

m Otherwise ( x, >, )

max v, P(x,)—cx,
X

r%“x, =x st
0<x <x,
R X >X 2 —_—
Operations #WH:: X ?’ng X <X,
Research
Lab. sm
Fact 2
In the weakest-link case, system reliability is
determined by the agent with the lowest
benefit-cost ratio.
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Nash equilibria (Best shot)

o %
(x1,0)

Figuro 3: Nash equilibria in best-shot caso
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Social optimum (Total effort)

B The social problem solves

max P(x, + x, )[v, + vz]— €1X, —CyX,
] FTrlst-order conditions

P'(x, +x, )[vl + vz] <c

P'(x1 +X, )[v1 + vz]S ¢,
m Let C,,={C,,C;}

x4 x5 = Gleg (v, +v,))
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Social optimum (Best Shot)

B The social problem solves
max P(max(x,, x, ))[vl + vz]— X = )X,
n fﬁ"‘:a;xl =x,=kif k%0
POV, +v,]-cik e,k < POy, +v,]-ck
P, +v,]- ek — e,k < PO, +v,]-c,k
[ ] &?:‘I;V,Either x, = something (x, =0) or x, = something (x, = 0)
max P(max(x,, xl))[v, +v, ]—v,x, —c,x,
I

let f, = m.ale(xl)[vI +vz]—clxl,fZ = maxP(xz)[vl +vz]—czx2

B maxlf,, /) 72
The answeris x; +x} = G(c,, /(v, +v,))
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Social optimum (Weakest link)

B The social problem solves
max P(min(x,,x,) )y, +v,]-¢x, —e,x,
[ _T‘—F'ﬁ:r%" X #x,
suppose X, = X, +d > x,
P(x, )["1 + Vz]_clxl —cy(x +d) < P(’ﬂ)[vl + VZ]_CIXI 6%
L] ﬁl?ﬁ;"; X =x,
max P(min(x, , x, ))[vl + vz]fc,x, =Xy
=R
max P(x)[vl + vl]f [c, +c, ]x
B First-order conditions
Py +v]=le +e]

X =x; =x=G((e, +¢,) /(v +v,))
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Fact 3

In the total effort case, there is always too little
effort exerted in the Nash equilibrium as
compared with the optimum. Furthermore,
when v,/c, > v,/c, but c,<c,, the “wrong” agent
exerts the effort.

Note: G(y)=x FEIRIHFHEE
Social x; +x] =G(c,,, /(v, +v,)) V.S.

Private x; +x} =G(c,/v,)+0 if v,/c, >v, /¢,

‘min

when v,/c, > v,/c, but ¢c,<c,
Social x; +x] =Glc, (v, +v,))

Private x; +x} = G(c,/v,)+0

BNP PARIBAS PEREGRINE 14 s = |

Lijka

® Suppose ¢, =c,
POy, +v, ]
PO, v, |-epxs >
POy, +v, ]

wherec, =c¢, +06

cx >
ex; =& = POy, +v,]-e,x;

® Hence, choose x; = G(c,,, /(v, +v,)) and x; =0

BNP PARIBAS PEREGRINE 16 s = |

Fact 4

The probability of success in the socially
optimal solution is always lower in the case of
weakest link than in the case of total effort.

Note: G(y) = x KRIEIREHE
Total effort P(x; +x}) = P(Glen, /v, +v,))) V.S.
Weakest link P(min(x;,x3)) = P(G((c, +¢,)/(v, +7,)))
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Identical Values, Different Costs

B Let n be the number of agents, set v;=1 foralli=1, ... ,n

H In the total-effort case, the social problem solves
max P(i X; ){i v} - ic,x,
= = =
B First-order conditions (define x = x+x,*...+x,)
nP'(x)<c, fori=1-,n
] j&? V,social optimal is determined by
nP'(x) = minc,
B Private optimum is determined by
P'(x)=minc, (in fact,x = x, and the others are zeros)

Note that in the case of total effort, system reliability is determined by the agent with the

Operation® highest benefit-cost ratio. ( Fact 1)
Research
Lab.
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Fact 5

Systems will become increasingly reliable as
the number of agents increases in the total
effort case, but increasingly unreliable as the
number of agents increases in the weakest
link case.

Note: G(») = x §RBIBFHE
Total effort  P'(x)=minc, = x = G(minc¢,) V.S.
Weakest link P'(x) = maxc, = x = G(maxc,)
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Fact 6

In the total efforts case with identical agents,
the Nash outcome remains constant as the
number of agents is increased, but the
socially optimal amount of effort increases.

Note:G(y) = x ﬁ?@ﬁp‘}—lﬂ%

Social optimal " x, = G(1/n)
V.S.

Nash equilibrium Z‘]x =G()
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Identical Values, Different Costs

B In the weakest-link case, the social problem

max P(min{x,,xz,w,xn })[Zn: v, :| - ic'x'

H Obviously, x, =x, =--=x, thoptimal choice
B T

max nP(x)— xz c;
* i1
B Hence, the social optimal is determined by
nP'(x) = ZC‘ or P'(x)= lZc, =c
= noa
B The private optimal is determined by
P'(x) =maxc,

Note that in the weakest-link case, system reliability is determined by the agent with the lowest
Operations benefit-cost ratio.
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Increasing the number of agents

m Suppose v,=c;=1foralli=1,...,n

B In the total-effort case, the social optimal is determined by
nP' (Y x)=1 or Y x,=G(/n)
i=1 i=1

B Nash equilibrium satisfies (Private optimum)
Pa)=1 or 3x=G0)
= =

Operations
Research
Lab

BNP PARIBAS PEREGRINE 22 = |

Increasing the number of agents

H Suppose v,=c;=1foralli=1,...,n

B In the weakest-link case, the social optimal is determined
by nP'(x)=n or x=G()

B Nash equilibrium satisfies (Private optimum)
P'(x)=1 or x=G()
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Fact 7

In the weakest-link case with identical agents,
the socially optimal reliability and the Nash
reliability are identical, regardless of the
number of agents.

BNP PARIBAS PEREGRINE 25 = = |

Notes

B Recall that the social optimality is determined by
x4 x5 = Gley, /(v +v,))

B From the first order condition for the case of fines for
agent i

(v] +v, )P'(x] + xz): ¢;, wherei=12
B Then we have two response functions as follows:

X, +x, =G| (67‘ =x =R (x,)=C G -x,
V1+V2) (V|+V2)
[

c, _
X +Xx, = G[i(v1 . )) =>x,=R(x,)= G[i(vl . )J X

B By Fact 1, this implies the social optimality

BNP PARIBAS PEREGRINE _ 27 = = |

Fines and liability (Total effort)

We could consider a strict liability rule

The amount charged in the case of system failure is paid
to the other agent

B Suppose “fine” is paid to agent 2, his optimization
problem becomes

Vo, P(x; +X,) +v, [1— P(x, + )52)]—cz)c2 =V, —C,X,
B So agent 2 will want to set
x, =0

B But this is true in the social optimum as well

Fines and liability (Total effort)

H |f we impose a cost of v, on agent 1 in the event that the
system fails, then agent 1 will want to maximize

VP(x +x,) -V, [I_P(xl Jrxz)]_clxl
B The first order condition is
(Vl +v, )P'(xl +X, ) =6

B This is the condition for social optimality (why?)
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Fact 8

A fine equals to the costs imposed on the
other agents should be imposed on the agent
who has the lowest cost of reducing the
probability of failure.

P.S:
(iv, JP'[ix,J =c,, wherec, = min{cl,cz,-»-,c”}
i=1

i=l

(VJ)P'(ixlj:c/, where j=1,2,---,nbut j#k
i=l

the above equations imply the following result

VitV ety Y
Operations.
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Fines and liability (Weakest link)

B One way to do this is to make each agent face the other’s
marginal cost, in addition to facing a fine in case of
system failure.

WP(x) = [1=P(0), —e,x, —c,x, for agent |
v, P(x) = [l = PO, —e,x, —e,x, for agent 2
where x = min{x,,x, }

H Agent 1 and agent 2 want to choose x=x,=x, determined
("l +v, )P'(x) =¢tc
B This is the condition for social optimality

X =x) =x=G((e, +¢,) /(v +v,))

Operations
Research
Lab.

o=




Fines and liability (Weakest link) Fines and liability (Weakest link)

B Each must compensate the other in the case of system
failure

max, v, P(x)— [1 - P(x)]vz + [1 - P(x)]vl —cx,
max v,P(x) - [1 - P(x)]vl + [1 - P(x)]v2 —Cyx,

where x = min{x1 ,xz}

H If we are not in the symmetric case, the equilibrium will be
determined by

max{ﬂ’g} for v,P'(x)=¢, and v P'(x)=c,
Y, Y

u Simplifying

max, v, —v, +v,P(x) —¢.x,

H In this case, strict liability does not result in the social
optimum

max, v, - v, + v, P(x) - ¢y, B The resolution is to use the negligence rule

B Suppose v, =v, and ¢, = ¢, (Symmetric case)
v,P'(x)=¢, and vP'(x)=c,

B This is the condition for social optimality
x =2 =x=Gl(e +e) /v +,)
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Fines and liability (Weakest link) Fines and liability (Weakest link)

B Let x* be the socially optimal effort level
‘2‘;‘?‘ P(x, +x5,)[v, + v, ]-ex, —cyx, agent 1's objective function
v P(x)) = (1= P(x)v, —¢;x,

Computing the derivative

m If tfle due care standard is set at x = x" then
X, =X, =X is aNash equilibrium
® To prove this, assume that X, = X 1t's optimal when (v, +v,)P'(x,)—¢, =0
® We will never have x, > X .
! But we have (v, +v,)P'(x")—¢, = ¢,
()min(x,,x,) no impact on the probability of system failure B _ N
@er incurs positive cost Because the concavity of P(x)and x, <X =x
® Will agent 1 ever to choose x, <X ? This means (v, +v,)P'(x,) = ¢, > (v, +v))P'(x") = ¢, =¢,
Hence agent1 will want to increase his level of effort
when x, <X
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Fact 9

In the case of weakest link, strict liability is not
adequate in general to achieve the socially
optimal level of effort, and one must use a
negligence rule to induce the optimal effort.
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